In this article, we derive a set of prime product formulas for the Riemann zeta function ζ(s) valid for s > 1 and even and odd kth positive integer argument. We shall further give a set of generated formulas for ζ(k) up to 11th order, including Apéry's constant, and also construct a formula for ζ(3/2). We'll also validate these formulas numerically.
Main Prime Product Formula
The Euler's prime product formula is a key connection between the Riemann zeta function and prime numbers. If p n is a sequence of nth prime numbers denoted such that p 1 = 2, p 2 = 3, p 3 = 5 and so on, then the Riemann zeta function is given as Euler prime product
which converges absolutely for ℜ(s) > 1. Next, we shall seek to evaluate the magnitude | ζ(s) | for complex argument s = σ + it for which σ > 1. First, by substituting complex argument
and by further algebraic simplification we arrive at
The magnitude can then be written as
Using the identity
we obtain the main formula
or alternatively, the prime factors can be expressed as hyperbolic cosines, thus giving
This completes the derivation of the magnitude of ζ(σ + it). In the next section, we shall use these results and derive the integer formula for the Riemann zeta function.
Prime Product Integer Formula
Using the result of the previous section, we let t = 0 in Equation (6) formulation which yields
which is valid for any σ > 1. If for a positive integer k we let σ = k, and using the well-known identity for
where B k are Bernoulli numbers, then the zeta terms simplify as
and hence, the integer formula is obtained
or alternatively,
which can be used to evaluate ζ(k) for any positive integer greater than unity as will be presented in the next section.
By letting k = 2 into the above formula yields
The numerical computation of this formula clearly converges to the correct result. We also note that prime product term converges to a constant factor
where we obtain the familiar result
In the next example, we can evaluate the magnitude of ζ(2+i) using Equation (7) as (16) which also converges to a correct result.
Evaluation of ζ(3)
Perhaps of greatest interest is the formula for ζ(3), or Apery's constant, for which there is no known formula such as for an even order case ζ(2k), without some other factor. To carry out this analysis, we let k = 3 into the formula which directly results in
Numerical computation also validate its convergence. The prime product term converges to a constant factor,
which is approximately equal to ζ(3) to within 1 decimal place, but it is not known if it can be expressed in closed-form. As another example, we use Equation (7) to compute the magnitude of ζ(3 + i) as
(19) One can carry out these computations for any k. In Appendix A, we summarized these formulas up to 11th order. And in Appendix B, we summarized the numerical validation of these formulas in Table 1 up to 15 decimal places.
Evaluation of ζ(3/2)
We can use the same approach to obtain a formula for ζ(3/2), by substituting σ = 3/2 into Equation (11) which yields
Using ζ(3) formula obtained earlier, and carrying out the calculation further yields ζ(3/2) = π 3/2 4 675675 617080275
(21) which retains the leading π n factor and other terms. Numerical validation is also summarized in Appendix B.
Other Prime Product Formulas
Another set of similar prime product formulas can be obtained as such. Using the identity in Equation (5) and multiplying both sides by ζ(s) Euler prime product Equation (1) results in
and so
and if s is a positive integer k, then
This results in
and similarly, for Apéry's constant
And just as before,
Higher order formulas can be generated in a similar fashion.
Conclusion
A simple formula for the magnitude of the Riemann zeta function was derived based on Euler prime products, which naturally yield similar formulas, such as for positive integer argument k > 1, and that allowed to generate a formula for Apéry's constant and higher order ζ(k). We also notice that for an even order case, the prime product term
converges to a constant such that when multiplied by the constants in Equation (11) simplifies to the standard ζ(2k) result given by Equation (9), such as π 2 /6 for k = 2. For an odd order case however, the prime product term converges to a value that is not known to be expressed in closed-form, such as in the ζ(2k) case. The usefulness of these formulas is that the magnitude of ζ(s) for complex argument with ℜ(s) > 1 can be evaluated by using the cos(t log p n ) term in Equations (6)(7) and (11). We also derived a similar set of formulas from Equation (5) identity, which itself is derived by multiplying the Euler prime product by
The essence of these formulas is that π k term is extracted from the Euler prime product formula and a close-form representation of ζ(2k), and by combining multiple formulas many different varieties can be obtained.
In the following table, numerical validation of Equation (11) in Mathematica to 15 decimal places for the first 1000 prime products is summarized. We note that convergence is slower for smaller arguments, such as k = 1.5 or k = 2, and essentially all the higher order converged faster. 
